fully nonline equati n ut= Min{(*,Au)
on the set (D, x ), where ., is a domain of R and W( is a qiven obstacle such that ,tQ on Formulatinq t e problem (occurrinq in heat control) as an Evolution. Variational Inequality, H. Bre obtained the existence and uniqueness of weak solutions in the space as well as weak converqence to an unknown equilibrium point of the equat on.(when t qoes to infinity).
The stronq convergence of the solution to th4 zero equilibrium point is shown here,
\-.'
provided the obstacle is positive and suhharmonic.
If in addition •X) L)9 e->,0 then the asymptotici behaviour is completely described _n the sense t_6t the solution satisfies ýhe linear heat equation u-= on tIll -,.6 ' , ..
--t I (T,"
"\T-* being a finite thme.
To do this the results are first pres Jnted f Jr ronq solutions (that is, those which satisfy the equation a.eA. rhe fact that under more re ularity on the initial datum the weak so tion i also a stronq one and cortain useful comparison principles are pr ved b.
sinq ýhe theory of accretive operators in Banach spaces.
SIGNIFICANCE AND EXPLANATION
Problems arising in heat control theory are often modeled by Parabolic
Variational Inequalities (PVI) (see G. Duvaut-J. L. Lions [16]).
One example of such problems, considered in this paper, corresponds to the cage where the N temporal temperature variation of a body or fluid A of R is not allowed to be greater than a given positive function (called "obstacle").
In an earlier work [8), H. Brezis has proved that the PVI arising in such a situation can be formulated as an abstract Cauchy problem on the space H 0,and he obtained the existence and uniqueness of solutions by means of the theory of maximal monotone operators. Using this theory, he also proved in (8) that the solution converges weakly in H 1 (nl) to an equilibrium point 0 when t goes to infinity. Similar to other nonlinear evolution equations, there exists a larqe set of such equilibrium points. An important question is to decide how the solution selects an equilibrium point among all them and whether the convergence to it also holds in the strong topology.
in this paper some answers to both questions are qiven by setting the problem in a different framework. It is easy to see that solutions being more regular ("strong solutions") satisfy a fully nonlinear parabolic equation.
Such strong solutions are obtained via a "dual" problem that is shown to be "well possed" in L (f)in the sense that the accretive operators theory can be applied, assuming that the obstacle is sufficiently smooth. It is also shown that the "direct problem" 1,4 well possed in L (n) for more reqular obstacles.
Adapting a curious comparison result of Ph. Benilan and J. I Diaz ((31) some estimates are obtained. Finally it is shown that the solution converges strongly in H (0l) to the zero equilibrium point when the obstacle is assumed 0 to be a subharmonic function on ni. If in addition the obstacle is strictly positive, then the asymptotic behaviour is completely described because it is s hown that the solution verifies the linear heat equation after a sufficiently large time Too Different results on the strong convergence and the selection of the equilibrium point are also given.
The responsibility for the wordinq and views expressed in this descriptive I summary lies with MRC, and not with the author of this report. Problem (1) can be expressed in a weak form by means of the following Evolution
Variational Inequality
The existence and uniquene3s of a solution of (2), for each u 0 Q H (0), was proved by H. 00
Brezis in [8] (see also [51) . Also the asymptotic behaviour is considered in iiJ u., N)
Min(Au.,*) *0 on Q in the sense that
i~ *iNevertheless it is neither known how the solution select. an equilibrium point amonq all of them nor if the converqence also holds in the stronq topoloqy of H (0). Both questions 0
were proposed in (8) and they are, essentially, the main aim. of this work.
Our methods for the study of the asymptotic behaviour are based on considerations made in terms of strong solutions i.e. solution. which satisfy (1) a.e. Because of this we will first consider some reqularity results. On this respect it is not difficult to see that if the solution u of (2) is such that hu~t,*) 6 L( 1 (f), for t >0, then u is a strong solution. Nevertheless not every solution of (2) is a strong solution. For instance, when 0 E and uo is such that Au 0 0 in DIMA) it can be directly verified that The main result in our study of asymptotic behaviour of the solutions shows the stronq convergence, in H 1(0), of the solution to the equilbrium point zero provided #' > 0 and A*) 0 a... on A1. If in addi -ion *(x) 8> 0 a.e. x 6 A1 (for some 8) then the asymptotic behaviour is completely described in the sense that we show the solution verities the linear heat equation ut . Au on (T),) x A1 for an adequate finite time TO. Other answers on the stronq converorence and the selection of the equilibrium point are also given.
The essential tool in our treatment of (1) is the consideration of the "dual" (or adjoint) problem
where
The existence of solutions of P* in L1 (0) implies the existence of stronq solutions of (1) using the relation v --Au. The former question, that is the Sexistence of solutions of P*, has been very much studied recently but, as far as we know, 12 the term O(x,r) (a maximal monotone graph of R 2 for a.e. x 6 0) is always taken in the following two cases: a) 1(x,r) is independent of x, b) O(x,r) is onto a.e.
x Q Q (191). Notice that the O(x,r) qiven in (5) is neither in case a) nor in case h). Anyway, usinq the theory of Variational Inequalities we shall show that P* is a "well posed" problem in L1 (1) when * 6 H 01) and (-A*) 6 L 2 (9).
The strong solutions of (1) satisfy
with 0 qiven by (5). We shall show that P is "well posed" on L*(Q) when
then it is possible to obtain more reqular solutions of (1).
(P has previously studied in
This paper is planned as follows: In Section 2 the existence of strong solutions of -3-
between (1) and P* are also presented. In Section 3 we show several comparison results of different nature. Finally, in Section 4, the asymptotic behaviour is conside;red.
Some results of the theory of evolution equations qoverned by eccretive operators in Panach spaces are used through the paper. In bpveral appendices we present a summary of the abstract theory as well as the proofs of the fact that the abstract hypotheses are satisfied when problems P and P* are studied as abstract Cauchy problems on T(, ) and Ll(fl) (or H (a)) respectively.
42. ABOUT THE RPGULARITY AND THE DUAL PROBLU4.
In the following it is useful to recall the essential part of the proof of the ] existence and unioueness of solutions of (2) given in (8).
It is based in the fact that
11
(2) can be equivalently formulated as As it has been pointed out in the Introduction we are interested on the solutions of (1) that satisfy it a.e. Such functions will be termed stronq solutions of (1) in contrast to the solutions of (2) Proof. Suppose u is a weak solution of (1) such that Au(t) Q L (n) a.e. t > 0.
Taking v -ut + C in (2) with t Q D (n), a simple integration by parts shows that u (t) W Au(t) a.e. and also that u is a strong solution of (1).
On the other hand, if
it it clear that u 6 K and
Then it is enough to apply Lemma 2 of Brezis [6] to P --Au, w -v -ut, h = g --ut*(v -u ) and remark that (F,w) f f grad u-qrad(v -u )dx. a t t t A first answer about the regularity of the weak solutions of (1) is the following. Theorem 1. Assume
Then the weak solution u of (1) satisfies Au 6 C(10,-) : L (9)).
As we have said in the Introduction, the proof of Theorem I comes essentially considering the problem P* (when 8 is given by (5)) formulated as an Abstract Cauchy one on the LNf) space we identify M(t,-) with u(t).
--5--
The following result is proved in Appendix 2.
Proposition I.
A first duality result in given by the next lemma.
Lemma 2.
Assume 4 6 H (0) such that 4 ) 0 on fl and
operator on the HM(fl) space qiven by
Proof. The definition of a implies (for instance when X -1)
An it is seen in Appendix 2 (Lemma A.4.) the previous problem can be formulated as a Stationary Variational Inequality. Then the conclusion a 6 L 2 (0) comes from the 2 -1 hypotheses on *.
On the other hand, as L 2 (fl) C HI (n) then )a -b* ( H10) r R 2(0) and
From (15) h* -h 9 K and besides (3)For simplicity in the notation we identify -A with the .7-onical isomorphism A from H•(i) onto its dual H'l(2).
Then, for evpry v 6 K we have
and inteqratinq by parts
We are ready now to prove Theorem 1. Proof of Theorem 1. From Proposition I it is enougsh to show that if u is th,, weak
It is done in two stew, a) u 0 t (n) n H 2 () and h) u 0 in the qeneral came. 
Case a). By definition v(t) u lim vn (t) where vn(t) are piecewise constant functions
bk , (I + XB)nu 0 holds. supplementary hypotheses allow us to find a more reqular solution of (1).
Then the weak solution u of (1) satisfies
To prove Theorem 2 we consider (1) (or equivalently P with 8 qiven by (5)) as an Abstract Cauchy Problem on L%1 (), i.e.
C bheinq the orerator on r7(0) qiven by
The two results stated below are needed for the Proof of Theorem 2 the first one beinq Ahown in the Appendix 3.
Proof.
From the definition of c it follows that
it is easily seen that -c 9 a(c -b) proceedino a.
in Lemma 2. *
Proof of Theorem 2.
It is enough to see that the weak solution u of (1) coincides with the L (n) semiqroup solution, u, of (16) corresponding to the initial datum Uo 0
Thanks to
Lemrn 3 it is known that b) = (I + X) nu On the other hand, B being m-accretive in
The following comparison results will be used in the next section under the present formulation which is not the most qenpral one that we could consider.
Let us start with two lemmas.
-9- be the solution of the heat equation
Then if u is the weak solution of (1) we have
e. x 9 0 and t > 0
Proof. By the regularizing effect (10) we know that for any t > 0, u(t) 6 D(B) and so
aMe. on A. Inteqratinq on the t-variable it follows I u(t) -u0 t*(*).
To show the inequality u 4 h let
On the other hand f hte dx + f grad hegrad 4dx -0.
Then choosing C -(u -h) and substracting the above expressions we obtain -2 dt (u -h)+lL2
the weak solution of (1) corresponding to u 0 , 1 , it follows that
and -10-
In particular when u ), 0 (reap. This section is finished with a curious and very useful estimate which is, out of slight modifications, a particular application of the abstract result of Senilan-Diaz (31. on the other hand, if we denote h(t) = h(t,*;O,v 0 ) then h(t) lira h (t) with 
with lim lir P(n,a) -0. Then, we obtain (23) passxnq to the limit in (27) when n + a+" n+0 and a + 0. N
Remark 4. in Benilan-Diaz [131 it is proved that (23) is not true (in general) without the hypothesis (22).

J4. ON THE ASYMPTOTIC BEHAVIOUR.
Our attention is fixed, at the moment, on the converqence of the weak solution u to
V"
an equilibrium point of (1). It is clear that, in general, the asymptotic behaviour of Then it is easy to see that u is the solution of the problem lu ,
UAu 0 on ((t. Pstimates (30) and (31) shows that it *(x) > 0 a.e. x 9 A1 then Ait (t) + 0 in L (11)
when t * +0 and the L-rst assertion follows from (29) and the fact that -Au(t) + 0 in L"(4) implies ,a(t) * 0 (stronqly) in Ht(i) when t + , On the other 0 hand, if *(x) ) 5 > 0, from (30) and (31) it follows that 2 Proposition 6. Let *l 9 L (0) with *(x) > a.e. on Q, for some 6 > 0, and u Q H (0). Then, with the notation of the Lemma 4, we have 00
where u6 is the solution of (1) corresponding to *(x) E 6 and T. is given in Theorem 3. In particular u(t) + 0 (strongly) in LP(Q) for every 1 p & +m when t +00.
-17-
L.__________ _-______
From Theorem 3 u s (t,O) -h(t,.IQua(T 0 O,)) with To a (C.Ili)2/N. Then Proposition 3 and Lemma 4 lead to the estimate (32). So u(t) * 0 (strongly) in LP(n) for every ¶It p 4 m.
We consider now (in some particular cases) the problem of choosing lim u(t) among t+a all the equilibrium points of (1). 
Proof, a) Ry Lemmas 4 and 5 it follows
0I
On the other hand
which implies that u(t,x) * 0 (strongly) in L 2 (fl) when t + . Then if u. is the weak limit point of u(t) when t + a due to the compactness of the inclusion 
2) represents a simple implicit Euler approximation of (A.1) and we are defining solutions of (h.1) to be limits of solutions of these difference approximations.
There are many criteria ensuring the existence of the X -approximate solution u n n being a simple one the followinq "ranqe condition": This proposition is proved in (121 (reap. in r2I) for accretive (reap. T-accretive) operators.
In both works more sophisticated situations are also considered.
Let us introduce some notation that provides an alternative characterization of U anceretiveness and ¶'-aceretiveness (often easier to verity in practice than (A.4) and The main aim of thie appendix is to prove that P* in a well posed problem on L (n) (when * 9 H i (fl), 0, (-A*)' 9 L 2 ( ) and 0is given by (5) Then the operator A is m-accretive in L (n).
More concretely, for all f Q L 1 (0) there exists a unique u Q L (9) with O(xu) 9 Wlq(a) (1 < 0 < N such that 0 N-1
'1 (A*9)
Then u is a solution of (A.9) if and only if (see ). In particular, the coercivity of the operator (-AA + I) in
From (A.12) the uniqueness follows.
To prove the existence of solution it suffices to consider f beinq in a dense set of L (Q). Indeed, let hn (with -XAhn + hn G LI(0)) be the solution of (A.10) corresponding to fn and f + f in LI (Q). By (A.12) we have with C independent of X.. Theref-re converges weakly in H 2 (9) and then
(by the comparison results) and then
it is clear the y,(x) P S (xz W) a.e. x Q 0 (see Lemma given by (21), i.e.
-24-
•-•. ' '
•, --..
.
E -(.A).B(-A) -1
Then E is m-accretive in H-(a).
Recallinq that the scalar product in H'1() - is an application of the abstract result of (4) or 117).
Here we show it directly.
ii 2 Lemma A.7. Assumed 9 C L2(Q), > > 0 a.e. on 0, the operator C is T-accretive in (see (181) . 
